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UNIT 8
Z-Transforms —2

8.1 Transformanalysis of LTI systems:

e We have defined the transfer function as the z-transform of the impulse

response of an LTT system

oo

H(z) = k; h[k)zk
e Then we have y[n| = x|n| = h{n|] and Y(z) = X(2)H(=2)

e This is another method of representing the system

e The transfer function can be written as

Y(2)
X(2)

H(z) =

e This is true for all zin the ROCs of X(z) and Y(z) for which X(z) in

nonzero
e The impulse response is the ztransform of the transfer function

e We need to know ROC in order to uniquely find the impulse response

e If ROC is unknown, then we must know other characteristics such as

stability or causality in order to uniquely find the impulse response

System identification

e Finding a system description by using input and output is known as

system identification

e Ex1: find the system, if the input is x{n] = (—1//3)"u[n| and the out is
yn| =3(=1)"u[n|+ (1/3)"u[n|
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e Solution: Find the z-transform of input and output. Use X(z) and Y(z)

to find H(z), then find A(n) using the inverse z-transform

1 1
== ; ith ROC =
Trzny ORI

X(2)

i

; ith ROC 1
T e R i

Y(2) =

e We can write Y(z) as

4

== i , with ROC |z] > 1
A +z7 ) (1= (3)= 1)

Y(z)

e We know H(z) = Y (2)/X(2). so we get

41+ (=)

ith ROC 1
A+z0)1- Gz 21>

Hiz) =

e We need to find inverse z-transform to find x[n], so use partial fraction

and write H(z) as

2 N 2
l+z1 1 (3)z!

H(z) = with ROC |z| > 1

e Impulse response x{n| is given by
hln) = 2(—1)"u[n] + 2(1/3)"u[n]
Relation between transfer function and difference equation

e The transfer can be obtained directly from the difference-equation de-

scription of an LTI system

e We know that

N M
> apyn—K = };(]bkx[n— k|

k=0

e We know that the transfer function /(z) is an eigen value of the system

associated with the eigen function 27, ie. if x[n] = Z” then the output of

an LTI system y|n| = Z7H(z)

e Put x[n— k] = 2" ¥ and y[n — k] = 27 ¥H(z) in the difference equation,
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we get

N M
- z axz ¥H(z) = 2" z bz k
k=0 k=0

e We can solve for H(z)

- Zﬁio by *

H(z
( ) 22[:0 akZ_k

e The transfer function described by a difference equation is a ratio of

polynomials in z~! and is termed as a rational transfer function.

e The coefficient of z ¥ in the numerator polynomial is the coefficient

associated with x[n— 4] in the difference equation

e The coefficient of z ¥ in the denominator polynomial is the coefficient

associated with y[n— k] in the difference equation

e This relation allows us to find the transfer function and also find the

difference equation description for a system, given a rational function
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Transfer function:

e The poles and zeros of a rational function offer much insight into LTI
system characteristics

e The transfer function can be expressed in pole-zero form by factoring

the numerator and denominator polynomial

o If ¢4 and dy are zeros and poles of the system respectively and b=

b/ ag is the gain factor, then

B f)]_[fil(l —cz )
M, (1—diz )

H(z)

e This form assumes there are no poles and zeros at z= 0

e The p™ order pole at z= 0 occurs when by = by = ... = bp1=0
e The /" order zero at z= 0 occurs when ag =a; =... =a;_; =0
e Then we can write H(z) as

5Z_pﬂii_lp(l - CRZ_I)
H(z) = - e :
vl | Pl (1—-dzt)

where b= bp/a;
e In the example we had first order pole at z=0

e The poles, zeros and gain factor b uniquely determine the transfer func-

tion
¢ This is another description for input-output behavior of the system

e The poles are the roots of characteristic equation
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8.2 Unilateral Z- transforms:

e Useful in case of causal signals and LTI systems

e The choice of time origin is arbitrary, so we may choose n = 0 as the

time at which the input is applied and then study the response for times

n>0

Advantages
e We do not need to use ROCs

e [t allows the study of LTI systems described by the difference equation

with initial conditions

Unilateral z-transform

e The unilateral ztransform of a signal x[n] is defined as

co

X(2) = D x[njz""

n=0
which depends only on x{n| for n > 0

e The unilateral and bilateral z-transforms are equivalent for causal sig-

nals
Zy 1

l—oz!
. 1 — acos(Qy)z!
1 —2acos(Qp)z ! + a2z 2

o"uln] <

a' cos(Q,n)u(n| %

Properties of unilateral Z transform:

e Consider the difference equation description of an LTI system
N M
> ayin— K =D bpx[n— K
k=0 k=0

e We may write the z-transform as
A(2)Y(2) +C(z) = B(2)X(2)

where
N M

A(z) =D ayz ¥ and B(z) = Y bz k
k=0 k=0
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e The same properties are satisfied by both unilateral and bilateral z-

transforms with one exception: the time shift property

e The time shift property for unilateral ztransform: Let w[n] = x{n — 1]
e The unilateral ztransform of w{n]| is

oo oo

W(z) = > winlz "= > x[n—1]z "

n=0 n=0

W(z) = x[—1] + i x[n—1]z"

n=1

W(z) =x[—1]+ >, x[m)z (w1
m=0
e The unilateral z-transform of w{n] is

W(z) =x[—1] +z ! i x|m|z ™

m=0
W(z) =x[—1]+2z 'X(2)
e A one-unit time shift results in multiplication by z~! and addition of

the constant x[—1]

e In a similar way, the time-shift property for delays greater than unity is
x{n— k) < x{—k] + x[—k+ 1]z ' +
ot A —1]7 T 2R X(2) for k>0
e In the case of time advance, the time-shift property changes to
x[n+ k] <2 —x[0] & — x[—1]4 1+

... —xlk—1)z+ ZX(z) for k>0
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8.3  Application to solve difference equations

Solving Differential equations using initial conditions:
e We get

N—1 N
Clz)= >, >, aw|—k+mz"™

m=0 k=m+1

e We have assumed that x[n] is causal and

x[n— k] <2 7 %X (2)

e The term C(z) depends on the NV initial conditions y{—1],3[—2],....y[—N]

and the ay

e ((z) is zero if all the initial conditions are zero

Solving for Y(z), gives

e The output is the sum of the forced response due to the input and the

natural response induced by the initial conditions

e The forced response due to the input

B(z) _,
MX(Z)

e The natural response induced by the initial conditions

C(2)

A(2)

e ((z) is the polynomial, the poles of the natural response are the roots

of A(z), which are also the poles of the transfer function
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e The form of natural response depends only on the poles of the system,

which are the roots of the characteristic equation

First order recursive system

e Consider the first order system described by a difference equation

¥|n| — pyln— 1] = x[n]

where p = 1+ r/100, and r is the interest rate per period in percent and

V|n] is the balance after the deposit or withdrawal of x|n|

e Assume bank account has an initial balance of $10,000/- and earns 6%
interest compounded monthly. Starting in the first month of the second
year, the owner withdraws $100 per month from the account at the
beginning of each month. Determine the balance at the start of each

month.

e Solution: Take unilateral z-transform and use time-shift property we

get
Y(2) —p(I=-1]+27'Y(2) = X(2)

e Rearrange the terms to find Y(z), we get

(1-pz )Y(2) = X(2) +pyl—1]

X2 py[—1]
Y(z) = 1—pz! +1—pz—1
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e Y(2) consists of two terms

— one that depends on the input: the forced response of the system

— another that depends on the initial conditions: the natural response

of the system

e The initial balance of $10,000 at the start of the first month is the initial
condition y[—1], and there is an offset of two between the time index n

and the month index

e y[n] represents the balance in the account at the start of the n+ 2™

month.

‘r\a| il

e We have p =1+ 7% = 1.005

o

e Since the owner withdraws $100 per month at the start of month 13

(n=11)
e We may express the input to the system as x[n] = —100u[n— 11], we
get
—100z11
X(z)=———+—
(2) 1—z1
o We get
—11
Y(2) = ~100z 1.005(10,000)

(1—21)(1—1.006-T)  1—-1.005-"

e After a partial fraction expansion we get

20,000z ! 20,000z M 10,050

&)= 7 t1_ 10057 " T—1.005.

e Monthly account balance is obtained by inverse z-transforming V(z2)

We get
¥{n] = 20,000u[n— 11] —20,000(1.005)" 1u[n—11]
+ 10,050(1.005)"u[n]

e The last term 10,050(1.005)"u[n] is the natural response with the ini-

tial balance
e The account balance
e The natural balance

e The forced response
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Recommended Questions

1. Find the inverse Z transform _olf
1+Z
1-0.9e"/ 41y —0.9e i1/ 471y
2. A system is described by the difference equation

H(z) =

Y(n)—yn-1) + iy(n -2)=x(n)+1/4x(n -1)-1/8x(n - 2)

Find the Transfer function of the Inverse system
Does a stable and causal Inverse system exists
3. Sketch the magnitude response for the system having transfer functions.

4. Find the z-transform of the following x[n]:
(a) x[n]={}1,- 5}
(b) x[n)=28[n+2]—38(n-2]
(c) x[n)=3(-3)"uln] - 23)"u[-n - 1]
(d) xln]=3(H"uln]—2(1)ul-n—1]

5. Given

-4
X(z)= 2(z-4)

(z=1)(z-2)(z-3)

(a) State all the possible regions of convergence.
(b) Forwhich ROC is X () the z-transform of a causal sequence?

6. Show the following properties for the z-transform.
(a) If x[n)is even, then X(z27")=X(2).

(b) If x[n)is odd, then X(z~ ") = —X(z2).
(c) If x[n]is odd, then there is a zero in X(z) at z = 1.

7. Derive the following transform pairs:
2t~ (cos )z

(cos Qyn)u[n] e lz|>1

(sin{},)z
24— (2cos )z + 1

(sinQyn)u[n) e |z] > 1

8. Find the z-transforms of the following x[n]:
(@) x[n]=(n—-3uln-3]
(b) x[n]=(n—3)uln]
(¢) x[nl=uln]—uln-13]
(d) x[n]=n{uln] —uln - 3]

Sz{ GETMYUNI



WWw._get myuni . conr

9. Using the relation

a"u[n]*'—-r;_—a- |z| > |al

find the z-transform of the following x[n]:
(a) x[n]=na"""uln]
(b) x[n]=nln - 1a" " uln)
(¢} x[nl=n(n—-1)-(n—k+ 1a"*u[n]

10. Using the z-transform
(a) x[n]=*é&[n]==x[n]
(b) x[n]+dln —nyl=x(n-ng)

11. Find the inverse z-transform of X(z)= e** ,z>0
12. Using the method of long division, find the inverse z-transform of the following X (z):

z
a) X(z)= 1zl <1
(@ X(@)= g Il
z
b) X(z)= 1<zl <2
( ( TENCED) Fd
z
X(z)= Nzl > 2
(c) X(z) TESEEY) |z
13. Consider the system shown in Fig. 4-9. Find the system function H (z ) and its impulse response
hin]
xin} yin)
- 2
+
+
T | p——
Fig. 4-9
14. Consider a discrete-time LTI system whose system function H(z) is given by
z |
H = — > =
(2) 25 |z] 3

(a) Find the step response s[n].
(b) Find the output y[n] to the input x[n] = nu[n].

15. Consider a causal discrete-time system whose output y[n] and input x[n] are related by
y{n] = gy[n =11+ gy[n - 2] =x[n]

(a) Find its system function H(2).
(b) Find its impulse response h[n].
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